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Lecture objectives

• Define degrees of freedom for rigid body motion

• Revise: particle dynamics and mass moments of inertia

• Introduce fundamental relationship for rigid body dynamics

• Formulate equations of motions

• Apply planar dynamics to the solution of basic problems
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Degrees of Freedom
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The degrees of freedom of a mechanical system in motion are the independent coordinates 

needed to uniquely specify the position of the system. 

The number of degrees of freedom is the smallest number of different coordinates in a 

mechanical system that must be fixed in order to prevent the system from moving.
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Unconstrained Particle: 2 E.o.M.

Unconstrained R.B.: 3 E.o.M.
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Example 1: Pendulum with a heavy bob 
(particle dynamics)
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s(t)

mg
mg

Fat

an

θ(t)

O

a𝑡 𝑡 = ሷ𝑠 𝑡 = 𝐿 ሷ𝜃

a𝑛 𝑡 = 𝐿 ሶ𝜃2

↘+ Σ𝐹𝑡 = 𝑚a𝑡 ∶ 𝑚𝑔 sin 𝜃 = 𝑚𝐿 ሷ𝜃 → ሷ𝜃 =
𝑔

𝐿
sin 𝜃

at

an

↙+ Σ𝐹𝑛 = 𝑚a𝑛 ∶ 𝑚𝑔 cos 𝜃 − 𝐹 = 𝑚𝐿 ሶ𝜃2

ሷ𝜃 =
𝑑 ሶ𝜃

𝑑𝑡
=
𝑑 ሶ𝜃

𝑑𝜃

𝑑𝜃

𝑑𝑡
= ሶ𝜃

𝑑 ሶ𝜃

𝑑𝜃
→ ሶ𝜃𝑑 ሶ𝜃 = ሷ𝜃𝑑𝜃 =

𝑔

𝐿
sin 𝜃 𝑑𝜃

ሶ𝜃2 =
2𝑔

𝐿
(1 − cos 𝜃)Integrating and assuming ሶ𝜃 0 = 0:

𝐹 = 𝑚𝑔 cos 𝜃 − 𝑚𝐿 ሶ𝜃2 = 𝑚𝑔(3 cos 𝜃 − 2)
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forces

d’Alembert’s Principle: 
transforms a dynamic system into an equivalent static system 

Example 1: Pendulum with a heavy bob 
(particle dynamics)

↘+ Σ𝐹𝑡
′ = 0 ∶ 𝑚𝑔 sin 𝜃 − 𝑚a𝑡 = 0

↙+ Σ𝐹𝑛
′ = 0 ∶ 𝑚𝑔 cos 𝜃 − 𝐹 −𝑚a𝑛 = 0

“Inertia” forces = -ma 

a𝑡 𝑡 = ሷ𝑠 𝑡 = 𝐿 ሷ𝜃

a𝑛 𝑡 = 𝐿 ሶ𝜃2
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θ(t)
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Mass moment of inertia
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Mass moment of inertia
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l = 50 cm

L = 2 cm

r = 2 cm

R = 10 cm

Combining the steel rod and cylinder together using Parallel Axis theorem:
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Mass moment of inertia

l = 50 cm

L = 2 cm

r = 2 cm

R = 10 cm

Finding the moment of inertia about the centre of mass:
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(1)

F : resultant of the external forces

aG : acceleration of mass centre

Fundamental Laws of Rigid Body Motion

𝑭 = 𝑚𝐚𝐺

(2)MMME1028 result: 𝑀𝐺 = 𝐽𝐺𝛼

MG : resultant of the applied moments about the axis of rotation

JG : mass moment of inertia about the axis of rotation

𝛼 : angular acceleration of the rigid body 

ak

Δmk

Δfk

ext

Δfk

int

𝐹𝑗
𝑒𝑥𝑡

𝐹𝑘
𝑒𝑥𝑡

𝑀𝑗

α
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Equations of motion Fj

aG

α

G

Fi

Mk

Fj

F iner

G

M iner

Fi

Mk

D’Alembert’s principle

Fundamental Laws of Rigid Body Motion

→+: Σ𝐹𝑥 = 𝑚𝐺a𝐺,𝑥

↑+: Σ𝐹𝑦 = 𝑚𝐺a𝐺,𝑦

↶+: Σ𝑀𝐺 = 𝐽𝐺𝛼

→+: Σ𝐹𝑥 − 𝐹𝑥
𝑖𝑛𝑒𝑟𝑡𝑖𝑎 = Σ𝐹𝑥 −𝑚𝐺a𝐺,𝑥 = 0

↑+: Σ𝐹𝑦 − 𝐹𝑦
𝑖𝑛𝑒𝑟𝑡𝑖𝑎 = Σ𝐹𝑦 −𝑚𝐺a𝐺,𝑦 = 0

↶+: Σ𝑀𝐺 −𝑀𝑖𝑛𝑒𝑟𝑡𝑖𝑎 = Σ𝑀𝐺 − 𝐽𝐺𝛼 = 0



Fundamental Laws of Rigid Body Motion
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Given: arbitrary point P with known aP

G

G

JGα
F

MG
P

d

P

maGP

maP

n

maGP

t

dP

external

forces

“inertia”

forces

(3)

D’Alembert’s principle

a𝐺 = 𝑎𝑃 + a𝐺𝑃
𝑛 + a𝐺𝑃

𝑡

↶+: 𝑀𝑃
′ = 𝑀𝐺 + 𝐹𝑑 − 𝐽𝐺𝛼 −𝑚𝑃𝐺2𝛼 +𝑚a𝑃𝑑𝑃 = 0

𝑀𝑃 +𝑚a𝑃𝑑𝑃 = 𝐽𝑃𝛼
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x

y

θ

Example 3: Rear-Wheel Drive Car, amax = ?

G

0.5l 0.5l

h

m = 1500 kg l = 2.5 m h = 0.5 m

Translation

mg

NfNr

F

aG

(1) 𝑭 = 𝑚𝐚𝐺

(2)since𝑀𝐺 = 0 𝛼 = 0 and 𝜔 = 0

→+: Σ𝐹𝑥 = 𝑚a𝐺,𝑥 → 𝐹 = 𝑚a𝐺,𝑥

↑+: Σ𝐹𝑦 = 0 → 𝑁𝑓 + 𝑁𝑟 −𝑚𝑔 = 0

↶+: Σ𝑀𝐺 = 0 → 𝑁𝑓
𝑙

2
− 𝑁𝑟

𝑙

2
+ 𝐹ℎ = 0

𝐹 ≤ 𝐹𝑙𝑖𝑚 = 𝜇𝑁 𝐹 = 𝜇𝑁𝑟

𝑁𝑟 =
𝑚𝑔𝑙

2(𝑙 − 𝜇ℎ)
=

1500 × 9.8 × 2.5

2(2.5 − 1.0 × 0.5)
= 9188 N

a𝑚𝑎𝑥 =
𝜇𝑔𝑙

2(𝑙 − 𝜇ℎ)
=

1.0 × 2.5

2(2.5 − 1.0 × 0.5)
𝑔 = 0.625𝑔

𝜇 = 1.0
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mat

man

Ft

Fn

mg

Example 4: Pendulum Motion in a Vertical Plane

θ(t)

G

O

atan

see Ex. 1

Rotation

(1) (5) point O on the axis of rotation and a𝑂 = 0𝑭 = 𝑚𝐚𝐺 𝑀𝑜 = 𝐽𝑜𝛼

𝑚𝑔
𝐿

2
sin 𝜃 = 𝐽𝑂𝛼

𝐽𝑂 = 𝐽𝐺 +𝑚
𝐿

2

2

=
1

12
𝑚𝐿2 +𝑚

𝐿

2

2

=
1

3
𝑚𝐿2

ሷ𝜃 =
3

2

𝑔

𝐿
sin 𝜃 ሶ𝜃2 =

3𝑔

𝐿
(1 − cos 𝜃)

a𝑡 =
𝐿

2
ሷ𝜃 =

3

4

𝑔

𝐿
sin 𝜃 a𝑛 =

𝐿

2
ሶ𝜃2 =

3𝑔

𝐿
(1 − cos 𝜃)

↘+ Σ𝐹𝑡
′ = 0 ∶ 𝐹𝑡 −𝑚a𝑡 +𝑚𝑔 sin𝜃 = 0

↙+ Σ𝐹𝑛
′ = 0 ∶ 𝐹𝑛 −𝑚a𝑛 +𝑚𝑔 cos 𝜃 = 0

→ 𝑚𝑔
𝐿

2
sin 𝜃 =

1

3
𝑚𝐿2 ሷ𝜃
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Example 5: Rear-Wheel Drive Car (cont’d)

G
vG

ω

r

α

Mw

Hr

aG

Vr

x

y

θ

P

mw = 20 kg r = 0.3 m

JG = 1.35 kg.m2

General planar motion

𝑥𝐺 𝑡 = 𝜃 𝑡 𝑟, ሶ𝑥𝐺 𝑡 = ሶ𝜃 𝑡 𝑟, ሷ𝑥𝐺 𝑡 = ሷ𝜃 𝑡 𝑟

→+: 𝐹 − 𝐻𝑟 = 𝑚𝑤 ሷ𝑥𝐺

↑+: 𝑉𝑟 +𝑚𝑊𝑔 − 𝑁𝑟 = 𝑚𝑊 ሷ𝑦𝐺 = 0

↶+: 𝑀𝑊 − 𝐹𝑟 = 𝐽𝐺 ሷ𝜃

Torque required to achieve amax = ?

For one tyre:

𝑁𝑟 = 4594 N and 𝐹 = 4594 N

𝑉𝑟 = 𝑁𝑟 −𝑚𝑊𝑔 = 4594 − 20 × 9.8 = 4398 N

𝐻𝑟 = 𝐹 −𝑚𝑊 ሷ𝑥𝐺 = 𝐹 − 𝑎𝑚𝑎𝑥 = 4594 − 20 × 0.625 × 9.8 = 4472 N

𝑀𝑊 = 𝐹𝑟 + 𝐽𝐺 ሷ𝜃 = 𝐹𝑟 + 𝐽𝐺
𝑎𝑚𝑎𝑥

𝑟
=

= 4954 × 0.3 + 1.35
0.625 × 9.8

0.3
= 1378 + 27.56 = 1406 Nm

mwg

Nr
F



Lecture objectives

• Revise: particle dynamics and mass moments of inertia

• Define degrees of freedom for rigid body motion

• Introduce fundamental relationship for rigid body dynamics

• Formulate equations of motions

• Apply planar dynamics to the solution of basic problems
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Next lecture

• Dynamics of a linkage mechanism

• Introduction to the coursework
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